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RIGHT n-ANGULATED CATEGORIES ARISING FROM
COVARIANTLY FINITE SUBCATEGORIES
ZENGQIANG LIN
Abstract. We define the notion of right n-angulated category, which gener-
alizes the notion of right triangulated category. Let C be an additive category
or n-angulated category and X a covariantly finite subcategory, we show that
under certain conditions the quotient C/X is a right n-angulated category.
This result generalizes some previous work.
1. Introduction
Geiss, Keller and Oppermann introduced the notion of n-angulated category,
which is a “higher dimensional” analogue of triangulated category [6]. Bergh and
Thaule introduced a higher “octahedral axiom” for an n-angulated category and
showed that it is equivalent to the mapping cone axiom [3]. Certain (n − 2)-
cluster tilting subcategories of triangulated categories [6] and finitely generated free
modules over certain local algebras [4] give rise to n-angulated categories. Recently,
Jasso introduced n-abelian categories, n-exact categories and algebraic n-angulated
category [8]. He showed that the quotient category of a Frobenius n-exact category
has a natural structure of (n + 2)-angulated category, which generalizes Happel’s
Theorem [7, Theorem 2.6]. N -angulated quotient categories induced by mutation
pairs were discussed in [9]. Other properties of n-angulated categories can see [5].
Beligiannis and Marmaridis defined the notion of right triangulated category
and showed that if X is a covariantly finite subcategory of an additive category
C, and if any X -monic has a cokernel, then the quotient C/X has a structure of
right triangulated category. The main aim of this paper is to define the notion
of right n-angulated category, and discuss the right n-angulated categories arising
from covariantly finite subcategories. Our two main results, see Theorem 3.5 and
Theorem 3.8 for details, will generalize some previous work such as [2, Theorem
2.12], [8, Theorem 5.11], [9, Theorem 3.8] and [1, Theorem 7.2].
This paper is organized as follows. In Section 2, we define the notion of right
n-angulated category, recall the definitions of covariantly finite subcategory, n-
cokernel and n-pushout, and give some preliminaries. In Section 3, we state and
prove our main results, then give some applications.
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2. Definitions and preliminaries
In this section we define the notion of right n-angulated category, then give some
other preliminaries.
Let C be an additive category equipped with an endofunctor Σ : C → C and n
an integer greater than or equal to three. An n-Σ-sequence in C is a sequence of
morphisms
X1
f1
−→ X2
f2
−→ X3
f3
−→ · · ·
fn−1
−−−→ Xn
fn
−→ ΣX1.
Its left rotation is the n-Σ-sequence
X2
f2
−→ X3
f3
−→ X4
f4
−→ · · ·
fn−1
−−−→ Xn
fn
−→ ΣX1
(−1)nΣf1
−−−−−−→ ΣX2.
Amorphism of n-Σ-sequences is a sequence of morphisms ϕ = (ϕ1, ϕ2, ϕ3, · · · , ϕn)
such that the following diagram commutes
X1
f1
//
ϕ1

X2
f2
//
ϕ2

X3
f3
//
ϕ3

· · ·
fn−1
// Xn
fn
//
ϕn

ΣX1
Σϕ1

Y1
g1
// Y2
g2
// Y3
g3
// · · ·
gn−1
// Yn
gn
// ΣY1
where each row is an n-Σ-sequence. It is an isomorphism if ϕ1, ϕ2, ϕ3, · · · , ϕn are
all isomorphisms in C.
Definition 2.1. A right n-angulated category is a triple (C,Σ,Θ), where C is an
additive category, Σ is an endofunctor of C, and Θ is a class of n-Σ-sequences (whose
elements are called right n-angles), which satisfies the following axioms:
(RN1) (a) The class Θ is closed under isomorphisms, direct sums and direct
summands.
(b) For each object X ∈ C the trivial sequence
X
1X
−−→ X → 0→ · · · → 0→ ΣX
belongs to Θ.
(c) For each morphism f1 : X1 → X2 in C, there exists a right n-angle whose
first morphism is f1.
(RN2) If an n-Σ-sequence belongs to Θ, then its left rotation belongs to Θ.
(RN3) Each commutative diagram
X1
f1
//
ϕ1

X2
f2
//
ϕ2

X3
f3
//
ϕ3

✤
✤
✤
· · ·
fn−1
// Xn
fn
//
ϕn

✤
✤
✤
ΣX1
Σϕ1

Y1
g1
// Y2
g2
// Y3
g3
// · · ·
gn−1
// Yn
gn
// ΣY1
with rows in Θ can be completed to a morphism of n-Σ-sequences.
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(RN4) Given a commutative diagram
X1
f1
// X2
f2
//
ϕ2

X3
f3
// · · ·
fn−2
// Xn−1
fn−1
// Xn
fn
// ΣX1
X1
g1
// Y2
g2
//
h2

Y3
g3
// · · ·
gn−2
// Yn−1
gn−1
// Yn
gn
// ΣX1
Z3
h3
...
hn−2

Zn−1
hn−1

Zn
hn

ΣX2
whose top rows and second column belong to Θ. Then there exist morphisms
ϕi : Xi → Yi(i = 3, 4, · · · , n), ψj : Yj → Zj(j = 3, 4, · · · , n) and φk : Xk →
Zk−1(k = 4, 5, · · · , n) with the following two properties:
(a) The sequence (1X1 , ϕ2, ϕ3, · · · , ϕn) is a morphism of n-Σ-sequences.
(b) The n-Σ-sequence
X3
(
f3
ϕ3
)
−−−−→ X4 ⊕ Y3
(
−f4 0
ϕ4 −g3
φ4 ψ3
)
−−−−−−−−→ X5 ⊕ Y4 ⊕ Z3
(
−f5 0 0
−ϕ5 −g4 0
φ5 ψ4 h3
)
−−−−−−−−−−→ X6 ⊕ Y5 ⊕ Z4(
−f6 0 0
ϕ6 −g5 0
φ6 ψ5 h4
)
−−−−−−−−−−→ · · ·
(
−fn−1 0 0
(−1)n−1ϕn−1 −gn−2 0
φn−1 ψn−2 hn−3
)
−−−−−−−−−−−−−−−−−−−→ Xn ⊕ Yn−1 ⊕ Zn−2(
(−1)nϕn −gn−1 0
φn ψn−1 hn−2
)
−−−−−−−−−−−−−−−−−→ Yn ⊕ Zn−1
(ψn,hn−1)
−−−−−−−→ Zn
Σf2·hn
−−−−→ ΣX3
belongs to Θ, and hn · ψn = Σf1 · gn.
Remarks 2.2. (a) If n = 3, then the right n-angulated category (C,Σ,Θ) is a right
triangulated category defined by Beligiannis and Marmaridis [2].
(b) If Σ is an equivalence, and the condition in axiom (RN2) is necessary and
sufficient, then the right n-angulated category (C,Σ,Θ) is an n-angulated category
in the sense of Geiss-Keller-Oppermann. See [6, Definition 1.1] and [3, Theorem
4.4].
(c) We can define left n-angulated category dually. If (C,Σ,Θ) is a right n-
angulated category, (C,Ω,Φ) is a left n-angulated category, Ω is a quasi-inverse of
Σ and Θ = Φ, then (C,Σ,Θ) is an n-angulated category.
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Let C be an additive category and X a subcategory of C. Throughout this paper,
when we say that X is a subcategory of C, we always mean that X is full and is
closed under isomorphisms, direct sums and direct summands. We recall that the
quotient category C/X has the same objects as C and that the set of morphisms
(C/X )(A,B) is defined as the quotient group C(A,B)/[X ](A,B), where [X ](A,B)
is the set of morphisms from A to B which factor through some object of X . For
any morphism f : A→ B in C, we denote by f the image of f under the quotient
functor C → C/X .
A morphism f : A → B in C is called X -monic if C(B,X)
C(f,X)
−−−−→ C(A,X)→ 0
is exact for any object X ∈ X . A morphism f : A → X in C is called a left
X -approximation of A if f is X -monic and X ∈ X . The subcategory X is said
to be a covariantly finite subcategory of C if any object A of C has a left X -
approximation. We can defined X -epic morphism, right X -approximation and
contravariantly finite subcategory dually. The subcategory X is called functori-
ally finite if it is both contravariantly finite and covariantly finite.
Let f : A → B be a morphism in C. A weak cokernel of f is a morphism
g : B → C such that gf = 0 and for each morphism h : B → D with hf = 0
there exists a (not necessarily unique) morphism k : C → D such that h = kg. It
is easy to see that a weak cokernel g of f is a cokernel of f if and only if g is an
epimorphism.
Lemma 2.3. ([8, Lemma 2.1]) Let A = (Ai, di) and B = (Bi, d
′
i) be complexes
concentrated in nonnegative degrees, such that for all i ≥ 0 the morphism di+1 is a
weak cokernel of di. If f : A→ B and g : A→ B are morphisms of complexes such
that f0 = g0, then there exists a homotopy h between f and g such that h0 = 0.
Definition 2.4. ([8, Definition 2.2]) Let C be an additive category and f0 : A0 →
A1 a morphism in C. An n-cokernel of f0 is a sequence
(f1, f2, · · · , fn) : A1
f1
−→ A2
f2
−→ · · ·
fn
−→ An+1
such that for all k = 1, 2, · · · , n − 1, the morphism fk is a weak cokernel of fk−1,
and fn is a cokernel of fn−1. In this case, we say the sequence
A0
f0
−→ A1
f1
−→ A2
f2
−→ · · ·
fn
−→ An+1 (2.1)
is right n-exact.
Remark 2.5. When we say n-cokernel we always means that n is a positive integer.
We note that the notion of 1-cokernel is the same as cokernel. we can define n-
kernel and left n-exact sequence dually. The sequence (2.1) is called n-exact if it is
both right n-exact and left n-exact.
Definition 2.6. Let X be a subcategory of C and f0 : A0 → A1 a morphism in C.
We say f0 has a special n-cokernel with respect to X , if f0 has an n-cokernel
(f1, f2, · · · , fn−1, fn) : A1
f1
−→ X2
f2
−→ · · ·
fn−1
−−−→ Xn
fn
−→ An+1
with Xi ∈ X .
Definition 2.7. ([8, Definition 2.11]) Let C be an additive category, A = A0
f0
−→
A1
f1
−→ · · ·
fn−1
−−−→ An a complex and g : A0 → B0 a morphism in C. An n-pushout
RIGHT n-ANGULATED CATEGORIES 5
diagram of A along g is a morphism of complexes
A0
f0
//
g

A1
f1
//
h1

· · ·
fn−2
// An−1
fn−1
//
hn−1

An
hn

B0
g0
// B1
g1
// · · ·
gn−2
// Bn−1
gn−1
// Bn
such that the mapping cone
A0
(
−f0
g
)
// A1 ⊕B0
(
−f1 0
h1 g0
)
// A2 ⊕B1
(
−f2 0
h2 g1
)
// · · ·
(
−fn−1 0
hn−1 gn−2
)
// An ⊕Bn−1
(hn gn−1 )
// Bn
is right n-exact.
The following lemma is useful in the proof of Theorem 3.4.
Lemma 2.8. Let
A0
f0
// A1
f1
//
h1

A2
f2
//
h2

· · ·
fn−1
// An
fn
//
hn

An+1
hn+1

A0
g0
// B1
g1
// B2
g2
// · · ·
gn−1
// Bn
gn
// Bn+1
be a commutative diagram of right n-exact sequences. Then
A1
f1
//
h1

A2
f2
//
h2

· · ·
fn−1
// An
fn
//
hn

An+1
hn+1

B1
g1
// B2
g2
// · · ·
gn−1
// Bn
gn
// Bn+1
is an n-pushout diagram, in other words,
A1
d0
−→ A2 ⊕B1
d1
−→ A3 ⊕B2
d2
−→ · · ·
dn−1
−−−→ An+1 ⊕Bn
dn
−→ Bn+1
is a right n-exact sequence, where d0 =
(
−f1
h1
)
, di =
(
−fi+1 0
hi+1 gi
)
(i = 1, 2, · · · , n−1)
and dn = (hn+1 gn).
Proof. It is easy to check that di+1di = 0, i = 0, 1, · · · , n − 1. Let s0 = (a1 b1) :
A2 ⊕ B1 → C1 be a morphism such that s0d0 = 0, then a1f1 = b1h1. Note that
b1g0 = b1h1f0 = a1f1f0 = 0, there exists a morphism v1 : B2 → C1 such that
b1 = v1g1 since g1 is a weak cokernel of g0. Now we have (a1 − v1h2)f1 = b1h1 −
v1g1h1 = 0, thus there exists a morphism u1 : A3 → C1 such that a1− v1h2 = u1f2
since f2 is a weak cokernel of f1. Hence s0 = (a1 b1) = (−u1 v1)
(
−f2 0
h2 g1
)
. This
shows that d1 is a weak cokernel of d0.
Let sk−1 = (ak bk) : Ak+1 ⊕ Bk → Ck be a morphism such that sk−1dk−1 = 0
where k = 2, 3, · · · , n − 1. Then akfk = bkhk and bkgk−1 = 0. There exists a
morphism vk : Bk+1 → Ck such that bk = vkgk since gk is a weak cokernel of
gk−1. Note that (ak − vkhk+1)fk = bkhk − vkgkhk = 0, there exists a morphism
uk : Ak+2 → Ck such that ak − vkhk+1 = ukfk+1 since fk+1 is a weak cokernel of
fk. Hence sk−1 = (ak bk) = (−uk vk)
(
−fk+1 0
hk+1 gk
)
. This shows that dk is a weak
cokernel of dk−1.
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It remains to show that dn−1 is a cokernel of dn. Let sn−1 = (an bn) : An+1 ⊕
Bn → Cn be a morphism such that sn−1dn−1 = 0. Then anfn = bnhn and
bngn−1 = 0. There exists a morphism vn : Bn+1 → Cn such that bn = vngn.
Now we have (bnhn)fn−1 = bngn−1hn−1 = vngngn−1hn−1 = 0, anfn = bnhn and
(vnhn+1)fn = vngnhn = bnhn, which implies that an = vnhn+1 since fn is a
cokernel of fn−1. So sn−1 = (an bn) = vn(hn+1 gn), and dn is a weak cokernel of
dn−1. Note that gn is an epimorphism thus so is dn = (hn+1, gn). The proof is
completed. 
3. Main results
Assume that C is an additive category and X a covariantly finite subcategory.
Proposition 3.1. If any left X -approximation has a special n-cokernel with respect
to X , then there is an additive functor Σ : C/X → C/X .
Proof. For any object A ∈ C, fix a right n-exact sequence
A
α0
−→ X1
α1
−→ X2
α2
−→ · · ·
αn−1
−−−→ Xn
αn
−−→ B
where α0 is a left X -approximation of A and (α1, α2, · · · , αn) is a special n-cokernel
of α0. For any morphism f : A→ A
′, since α0 is a left X -approximation, we have
the following commutative diagram
A
α0
//
f

X1
α1
//
x1

X2
α2
//
x2

· · ·
αn−1
// Xn
αn
//
xn

B
g

A′
α′0
// X ′1
α′1
// X ′2
α′2
// · · ·
α′n−1
// X ′n
α′n
// B′.
Define a functor Σ : C/X → C/X such that ΣA = B and Σf = g. It is easy to see
that Σ is a well defined additive functor by Lemma 2.3. 
Definition 3.2. Let
A0
f0
−→ A1
f1
−→ A2
f2
−→ · · ·
fn
−→ An+1
be a right n-exact sequence where f0 is X -monic. Then there exists the following
commutative diagram
A0
f0
// A1
f1
//
a1

A2
f2
//
a2

· · ·
fn−1
// An
fn
//
an

An+1
an+1 (3.1)

A0
α0
// X1
α1
// X2
α2
// · · ·
αn−1
// Xn
αn
// ΣA0.
The n-Σ-sequence
A0
f0
−→ A1
f1
−→ A2
f2
−→ · · ·
fn
−→ An+1
(−1)nan+1
−−−−−−−→ ΣA0
is called a standard right (n + 2)-angle in C/X . We define Θ the class of n-Σ-
sequences which are isomorphic to standard right (n+ 2)-angles.
Remark 3.3. We add the sign (−1)n in the last morphism of standard right (n+2)-
angles. In the dual case, maybe we don’t need the sign in the first morphism of
standard left (n+2)-angles. We will see the difference in Corollary 3.7(c). We also
can see [7, Lemma 2.7] and [8, Lemma 5.10] for the sign.
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Lemma 3.4. Let
A0
f0
//
h0

A1
f1
//
h1

A2
f2
//
h2

· · ·
fn−1
// An
fn
//
hn

An+1
hn+1

B0
g0
// B1
g1
// B2
g2
// · · ·
gn−1
// Bn
gn
// Bn+1
be a commutative diagram of right n-exact sequences, where f0 and g0 are X -monic.
Then we have the following commutative diagram of standard right (n+ 2)-angles.
A0
f0
//
h0

A1
f1
//
h1

A2
f2
//
h2

· · ·
fn−1
// An
fn
//
hn

An+1
(−1)nan+1
//
hn+1

ΣA0
Σh0

B0
g0
// B1
g1
// B2
g2
// · · ·
gn−1
// Bn
gn
// Bn+1
(−1)nbn+1
// ΣB0
Proof. We only need to show that Σh0 · an+1 = bn+1 · hn+1. By the construc-
tions of standard (n+ 2)-angles and the morphism Σh0, we have the following two
commutative diagrams
A0
f0
// A1
f1
//
a1

A2
f2
//
a2

· · ·
fn−1
// An
fn
//
an

An+1
an+1

A0
α0
//
h0

X1
α1
//
x1

X2
α2
//
x2

· · ·
αn−1
// Xn
αn
//
xn

ΣA0
i0

B0
β0
// X ′1
β1
// X ′2
β2
// · · ·
βn−1
// X ′n
βn
// ΣB0,
A0
f0
//
h0

A1
f1
//
h1

A2
f2
//
h2

· · ·
fn−1
// An
fn
//
hn

An+1
hn+1

B0
g0
// B1
g1
//
b1

B2
g2
//
b2

· · ·
gn−1
// Bn
gn
//
bn

Bn+1
bn+1

B0
β0
// X ′1
β1
// X ′2
β2
// · · ·
βn−1
// X ′n
βn
// ΣB0
where Σh0 = i0. Lemma 2.3 implies that Σh0 · an+1 = bn+1 · hn+1. 
Now we can state and prove our first main result.
Theorem 3.5. Let C be an additive category and X a covariantly finite subcategory.
If any X -monic has an n-cokernel and any left X -approximation has a special n-
cokernel with respect to X , then the quotient category C/X is a right (n + 2)-
angulated category with respect to the functor Σ defined in Proposition 3.1 and
(n+ 2)-angles defined in Definition 3.2.
Proof. It is easy to see that the class of (n+2)-angles Θ is closed under direct sums
and direct summands, so (RN1)(a) is satisfied. For any object A ∈ C, the identity
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morphism of A is X -monic. The commutative diagram
A
1A
// A
0
//
α0

0
0
//
0

· · ·
0
// 0
0
//
0

0
0

A
α0
// X1
α1
// X2
α2
// · · ·
αn−1
// Xn
αn
// ΣA
shows that
A
1A
−−→ A→ 0→ · · · → 0→ ΣA
belongs to Φ. Thus (RN1)(b) is satisfied.
For any morphism f : A → B in C, the morphism
(
f
α0
)
: A → B ⊕ X1 is X -
monic, where α0 is a left X -approximation. Let (f1, f2, · · · , fn) be an n-cokernel of(
f
α0
)
, then we have the following commutative diagram
A
(
f
α0
)
// B ⊕X1
f1
//
a1

A2
f2
//
a2

· · ·
fn−1
// An
fn
//
an

An+1
an+1

A
α0
// X1
α1
// X2
α2
// · · ·
αn−1
// Xn
αn
// ΣA.
Thus
A
f
−→ B
f1
−→ A2
f2
−→ · · ·
fn
−→ An+1
(−1)nan+1
−−−−−−−→ ΣA
is a right (n+ 2)-angle. So (RN1)(c) is satisfied.
(RN2) It is easy to see that it suffices to consider the case of standard (n + 2)-
angles. Let
A0
f0
−→ A1
f1
−→ A2
f2
−→ · · ·
fn
−→ An+1
(−1)nan+1
−−−−−−−→ ΣA0
be a standard (n+2)-angle induced by the commutative diagram (3.1). By Lemma
2.8, we have a right n-exact sequence
A1
(
−f1
a1
)
// A2 ⊕X1
(
−f2 0
a2 α1
)
// A3 ⊕X2
(
−f3 0
a3 α2
)
// · · ·
(
−fn 0
an αn−1
)
// An+1 ⊕Xn
(an+1 αn)
// ΣA0.
We claim that the morphism
(
−f1
a1
)
: A1 → A2⊕X1 is X -monic. For any morphism
g : A1 → X with X ∈ X , there exists a morphism h : X1 → X such that gf0 = hα0
since α0 is X -monic. Note that (g − ha1)f0 = gf0 − hα0 = 0, which implies that
there exists a morphism k : A2 → X such that g − ha1 = kf1. Thus we have
g = (−k h )
(
−f1
a1
)
. The following commutative diagram
A0
α0
//
f0

X1
α1
//
( 01 )

X2
α2
//
( 01 )

· · ·
αn−1
// Xn
αn
//
( 01 )

ΣA0
A1
(
−f1
a1
)
// A2 ⊕X1
(
−f2 0
a2 α1
)
//
b1

A3 ⊕X2
(
−f3 0
a3 α2
)
//
b2

· · ·
(
−fn 0
an αn−1
)
// An+1 ⊕Xn
( an+1 αn )
//
bn

ΣA0
bn+1

A1
β0
// X ′1
β1
// X ′2
β2
// · · ·
βn−1
// X ′n
βn
// ΣA1
implies that bn+1 = Σf0 and
A1
−f1
−−→ A2
−f2
−−→ A3
−f3
−−→ · · ·
−fn
−−−→ An+1
an+1
−−−→ ΣA0
(−1)nΣf0
−−−−−−→ ΣA1 (3.2)
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is a right (n+ 2)-angle. Therefore
A1
f1
−→ A2
f2
−→ A3
f3
−→ · · ·
fn
−→ An+1
(−1)nan+1
−−−−−−−→ ΣA0
(−1)nΣf0
−−−−−−→ ΣA1 (3.3)
belongs to Θ since the (n+ 2)-Σ-sequences (3.2) and (3.3) are isomorphic.
(RN3) We only consider standard right (n + 2)-angles. Suppose that there is a
commutative diagram
A0
f0
//
h0

A1
f1
//
h1

A2
f2
// · · ·
fn
// An+1
(−1)nan+1
// ΣA0
Σh0 (3.4)

B0
g0
// B1
g1
// B2
g2
// · · ·
gn
// Bn+1
(−1)nbn+1
// ΣB0
with rows standard right (n+ 2)-angles. Since h1 · f0 = g0 · h0 holds, h1f0 − g0h0
factors through some objectX in X . Assume that h1f0−g0h0 = ba, where a : A0 →
X and b : X → B1. Since f0 is X -monic, there exists a morphism c : A1 → X such
that a = cf0. Note that (h1 − bc)f0 = g0h0, we have the following commutative
diagram of right n-exact sequences
A0
f0
//
h0

A1
f1
//
h1−bc

A2
f2
//
h2

✤
✤
✤
· · ·
fn
// An+1
hn+1 (3.5)

✤
✤
✤
B0
g0
// B1
g1
// B2
g2
// · · ·
gn
// Bn+1
by the factorization property of weak cokernels. The diagram (3.4) can be com-
pleted to a morphism of right (n + 2)-angles follows from diagram (3.5) together
with Lemma 3.4.
(RN4) It is enough to consider the case of standard right (n+ 2)-angles. Let
A0
f0
−→ A1
f1
−→ A2
f2
−→ · · ·
fn
−→ An+1
(−1)nan+1
−−−−−−−→ ΣA0
A0
ϕ1·f0
−−−→ B1
g1
−→ B2
g2
−→ · · ·
gn
−→ Bn+1
(−1)nbn+1
−−−−−−−→ ΣA0
A1
ϕ1
−→ B1
h1
−→ C2
h2
−→ · · ·
hn
−−→ Cn+1
(−1)ncn+1
−−−−−−−→ ΣA1
be three standard right (n + 2)-angles, where f0 and ϕ1 are X -monic, so that
ϕ1f0 is X -monic too. By the factorization property of weak cokernels there exist
morphisms ϕi : Ai → Bi (i = 2, · · · , n + 1), such that we have the following
commutative diagram of right n-exact sequences
A0
f0
// A1
f1
//
ϕ1

A2
f2
//
ϕ2

· · ·
fn−1
// An
fn
//
ϕn

An+1
ϕn+1 (3.6)

A0
ϕ1f0
// B1
g1
// B2
g2
// · · ·
gn−1
// Bn
gn
// Bn+1.
By Lemma 3.4, we obtain the following commutative diagram of right (n+2)-angles
A0
f0
// A1
f1
//
ϕ1

A2
f2
//
ϕ2

· · ·
fn−1
// An
fn
//
ϕn

An+1
(−1)nan+1
//
ϕn+1

ΣA0
A0
ϕ1f0
// B1
g1
// B2
g2
// · · ·
gn−1
// Bn
gn
// Bn+1
(−1)nbn+1
// ΣA0.
10 ZENGQIANG LIN
Diagram (3.6) and Lemma 2.8 implies that
A1
(
−f1
ϕ1
)
// A2 ⊕B1
(
−f2 0
ϕ2 g1
)
// A3 ⊕B2
(
−f3 0
ϕ3 g2
)
// · · ·
(
−fn 0
ϕn gn−1
)
// An+1 ⊕Bn
(ϕn+1 gn )
// Bn+1
is a right n-exact sequence. There exist morphisms φi : Ai → Ci−1 (i = 3, 4, · · · , n+
1) and ψj : Bj → Cj(j = 2, 3, · · · , n + 1) such that the following diagram is
commutative
A1
(
−f1
ϕ1
)
// A2 ⊕B1
(
−f2 0
ϕ2 g1
)
// A3 ⊕B2
(
−f3 0
ϕ3 g2
)
//
≃
(
−1 0
0 1
)

· · ·
(
−fn 0
ϕn gn−1
)
// An+1 ⊕Bn
(ϕn+1 gn )
//
≃
(
(−1)n+1 0
0 1
)

Bn+1
A1
(
−f1
ϕ1
)
// A2 ⊕B1
(
f2 0
ϕ2 g1
)
//
(0 1)

A3 ⊕B2
(
f3 0
−ϕ3 g2
)
//
(φ3 ψ2 )

✤
✤
✤
· · ·
(
fn 0
(−1)nϕn gn−1
)
// An+1 ⊕Bn
( (−1)n+1ϕn+1 gn )
//
(φn+1 ψn )

✤
✤
✤
Bn+1
ψn+1

✤
✤
✤
A1
ϕ1
// B1
h1
// C2
h2
// · · ·
hn−1
// Cn
hn
// Cn+1
where the second row is a right n-exact sequence since it is isomorphic to the first
row. By Lemma 2.8 again, we get a right n-exact sequence
A2 ⊕B1
(
−f2 0
−ϕ2 −g1
0 1
)
−−−−−−−−→ A3 ⊕B2 ⊕B1
(
−f3 0 0
ϕ3 −g2 0
φ3 ψ2 h1
)
−−−−−−−−−−→ A4 ⊕B3 ⊕ C2
(
−f4 0 0
−ϕ4 −g3 0
φ4 ψ3 h2
)
−−−−−−−−−−→ · · ·

 −fn 0 0(−1)n+1ϕn −gn−1 0
φn ψn−1 hn−2


−−−−−−−−−−−−−−−−−−−→ An+1 ⊕Bn ⊕ Cn−1(
(−1)n+2ϕn+1 −gn 0
φn+1 ψn hn−1
)
−−−−−−−−−−−−−−−−−−→ Bn+1 ⊕ Cn
(ψn+1 hn)
−−−−−−−→ Cn+1. (3.7)
The following commutative diagram
A2
(
f2
ϕ2
)
//
(
−1
0
)

A3 ⊕B2
(
−f3 0
ϕ3 −g2
φ3 ψ2
)
//
(
1 0
0 1
0 0
)

A4 ⊕B3 ⊕ C2
A2 ⊕B1
(
−f2 0
−ϕ2 −g1
0 1
)
//
(−1 0 )

A3 ⊕ B2 ⊕B1(
1 0 0
0 1 g1
)

(
−f3 0 0
ϕ3 −g2 0
φ3 ψ2 h1
)
// A4 ⊕B3 ⊕ C2
A2
(
f2
ϕ2
)
// A3 ⊕B2
(
−f3 0
ϕ3 −g2
φ3 ψ2
)
// A4 ⊕B3 ⊕ C2
shows that
A2
(
f2
ϕ2
)
−−−−→ A3⊕B2
(
−f3 0
ϕ3 −g2
φ3 ψ2
)
−−−−−−−−→ A4⊕B3⊕C2
(
−f4 0 0
−ϕ4 −g3 0
φ4 ψ3 h3
)
−−−−−−−−−−→ · · ·

 −fn 0 0(−1)n+1ϕn −gn−1 0
φn ψn−1 hn−2


−−−−−−−−−−−−−−−−−−−→
An+1 ⊕Bn ⊕ Cn−1
(
(−1)n+2ϕn+1 −gn 0
φn+1 ψn hn−1
)
−−−−−−−−−−−−−−−−−−→ Bn+1 ⊕ Cn
(ψn+1 hn)
−−−−−−−→ Cn+1 (3.8)
is a direct summand of (3.7), thus it is a right n-exact sequence. We claim that the
morphism
(
f2
ϕ2
)
: A2 → A3⊕B2 is X -monic. In fact, for any morphism a : A2 → X
with X ∈ X , there exists a morphism b : B1 → X such that af1 = bϕ1 since ϕ1
is X -monic. Note that b(ϕ1f0) = af1f0 = 0, there exists a morphism c : B2 → X
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such that b = cg1. Since (a − cϕ2)f1 = bϕ1 − cg1ϕ1 = 0, there exists a morphism
d : A3 → X such that a− cϕ2 = df2. Thus a = (d c)
(
f2
ϕ2
)
. Therefore (3.8) induces
a standard right (n+ 2)-angle
A2
(
f2
ϕ2
)
−−−−→ A3⊕B2

−f3 0ϕ3 −g2
φ3 ψ2


−−−−−−−−→ A4⊕B3⊕C2

 −f4 0 0−ϕ4 −g3 0
φ4 ψ3 h3


−−−−−−−−−−−→ · · ·


−fn 0 0
(−1)n+1ϕn −gn−1 0
φn ψn−1 hn−2


−−−−−−−−−−−−−−−−−−−→
An+1⊕Bn⊕Cn−1
(
(−1)n+2ϕn+1 −gn 0
φn+1 ψn hn−1
)
−−−−−−−−−−−−−−−−−−→ Bn+1⊕Cn
(ψn+1 hn)
−−−−−−−→ Cn+1
(−1)ndn+1
−−−−−−−→ ΣA2.
By Lemma 3.4 the following commutative diagram of right (n+ 2)-angles
A0
ϕ1f0
//
f0

B1
g1
//
( 01 )

B2
g2
//
( 01 )

· · ·
A1
(
−f1
ϕ1
)
// A2 ⊕B1
(
f2 0
ϕ2 g1
)
//
(0 1)

A3 ⊕B2
(
f3 0
−ϕ3 g2
)
//
(φ3 ψ2 )

· · ·
A1
ϕ1
//
f1

B1
h1
//
(
0
g1
)

C2
h2
//
(
0
0
1
)

· · ·
A2
(
f2
ϕ2
)
// A3 ⊕B2

−f3 0ϕ3 −g2
φ3 ψ2


// A4 ⊕B3 ⊕ C2

−f4 0 0ϕ4 −g3 0
φ4 ψ3 h2


// · · ·
gn−1
// Bn
gn
//
( 01 )

Bn+1
(−1)nbn+1
// ΣA0
Σf0

(
fn 0
(−1)nϕn gn−1
)
// An+1 ⊕ Bn
( (−1)n+1ϕn+1 gn )
//
(φn+1 ψ2 )

Bn+1
(−1)nen+1
//
ψn+1

ΣA1
hn−1
// Cn
hn
//
( 01 )

Cn+1
(−1)ncn+1
// ΣA1
Σf1

(
(−1)n+2ϕn+1 −gn 0
φn+1 ψn hn−1
)
// Bn+1 ⊕ Cn
(ψn+1 hn )
// Cn+1
(−1)ndn+1
// ΣA2
shows that cn+1 ·ψn+1 = Σf0 ·bn+1 and dn+1 = Σf1 ·cn+1. This is what we wanted.
We finish the proof. 
Remarks 3.6. (a) If n = 1, then the condition “any left X -approximation has
a special n-cokernel with respect to X” is trivial. Thus Theorem 3.5 recover
Beligiannis-Marmaridis’s result [2, Theorem 2.12].
(b) From the proof of Theorem 3.5 we see that the condition “any left X -
approximation has a special n-cokernel with respect to X” can be weaken as “for
any object A ∈ C there exists a left X -approximation f : A → X such that f
has a special n-cokernel with respect to X”. The condition “any X -monic has an
n-cokernel” is used to prove (RN1)(c), which is redundant in some special case. See
Corollary 3.7(a) for details.
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We recall some definitions given by Jasso [8]. Let A be an n-abelian category
and (C,S) an n-exact subcategory, where S is a class of admissible n-exact se-
quences satisfying some axioms similar to exact category. An object I ∈ C is
called S-injective if for any admissible monomorphism f : A → B, the sequence
C(B, I)
C(f,I)
−−−−→ C(A, I) → 0 is exact. Denote by I the subcategory of S-injectives.
We say that (C,S) has enough S-injectives if for any object A ∈ C, there exists an
admissible n-exact sequence A ֌ I1 → I2 → · · · → In ։ B with Ii ∈ I. We can
define the notion of S-projective and having enough S-projectives dually. Denote
by P the subcategory of S-projectives. We say that (C,S) is Frobenius if it has
enough S-injectives, has enough S-projectives and if S-injectives and S-projectives
coincide. Now we can derive a theorem of Jasso [8, Theorem 5.11].
Corollary 3.7. Let A be an n-abelian category and (C,S) an n-exact subcategory.
(a) If (C,S) has enough S-injectives, then the quotient C/I is a right (n + 2)-
angulated category.
(b) If (C,S) has enough S-projectives, then the quotient C/P is a left (n + 2)-
angulated category.
(c) If (C,S) is Frobenius, then the quotient C/I is an (n+2)-angulated category.
Proof. (a) It is easy to see that I is a covariantly finite subcategory of C. By the
definition of having enough S-injectives and Remarks 3.6 (b) we only need to prove
(RN1)(c). Let f : A → B be a morphism in C, we have the following n-pushout
diagram by the axiom of n-exact category
A
α0
//
f

I1
α1
//
a1

I2
α2
//
a2

· · ·
αn−1
// In(
αn
//
an

ΣA)
B
f0
// A1
f1
// A2
f2
// · · ·
fn−1
// An
Then
A
(
−α0
f
)
// I1 ⊕B
(
−α1 0
a1 f0
)
// I2 ⊕A1
(
−α2 0
a2 f1
)
// · · ·
(
−αn−1 0
an−1 fn−2
)
// In ⊕An−1
( an fn−1 )
// An (3.9)
is a right n-exact sequence. Note that the morphism
(
−α0
f
)
is I-monic, thus (3.9)
induces a right (n+ 2)-angle whose first morphism is f .
(b) is dual to (a). (c) follows from (a) together with Remarks 2.2(c). In fact,
since (C,S) is Frobenius it is easy to see that the endofunctor Σ : C/I → C/I is
an equivalence. We note that a right n-exact sequence in C is admissible n-exact if
and only if the first morphism is I-monic. Since (C,S) is Frobenius, we have the
following commutative diagram of admissible n-exact sequences
Σ−1An+1
β0
//
bn+1

P1
β1
//
bn

P2
β2
//
bn−1

· · ·
βn−1
// Pn
βn
//
b1

An+1
A0
f0
// A1
f1
//
a1

A2
f2
//
a2

· · ·
fn−1
// An
fn
//
an

An+1
an+1

A0
α0
// I1
α1
// I2
α2
// · · ·
αn−1
// In
αn
// ΣA0,
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which implies that
A0
f0
−→ A1
f1
−→ A2
f2
−→ · · ·
fn
−→ An+1
(−1)nan+1
−−−−−−−→ ΣA0
is a standard right (n+ 2)-angle in C/I if and only if
Σ−1An+1
Σ−1an+1
−−−−−−→ A0
f0
−→ A1
f1
−→ · · ·
fn−1
−−−→ An
fn
−→ An+1
is a standard left (n+ 2)-angle in C/I. Thus the class of right (n + 2)-angles and
the class of left (n+ 2)-angles coincide. 
From now on, let n ≥ 3. In the rest of this section we consider the right n-
angulated categories arising from covariantly finite subcategories of n-angulated
categories.
Theorem 3.8. Let C be an n-angulated category and X a covariantly finite sub-
category. If for any object A ∈ C there exists an n-angle
A
α1
−→ X1
α2
−→ X2
α3
−→ · · ·
αn−2
−−−→ Xn−2
αn−1
−−−→ B
αn
−−→ ΣA
where Xi ∈ X and α1 is a left X -approximation. Then the quotient C/X is a right
n-angulated category.
Proof. For any object A ∈ C, fix an n-angle
A
α1
−→ X1
α2
−→ X2
α3
−→ · · ·
αn−2
−−−→ Xn−2
αn−1
−−−→ B
αn
−−→ ΣA
where Xi ∈ X and α1 is a left X -approximation. For any morphism f : A → A
′,
since α1 is a left X -approximation, we have the following commutative diagram
A
α1
//
f

X1
α2
//
x1

X2
α3
//
x2

· · ·
αn−2
// Xn−2
αn−1
//
xn−2

B
g

αn
// ΣA
Σf

A′
α′1
// X ′1
α′2
// X ′2
α′3
// · · ·
α′n−2
// X ′n−2
α′n−1
// B′
α′n
// ΣA′.
Define a functor T : C/X → C/X such that TA = B and Tf = g. It is easy to see
that T is a well defined additive functor. Let
A1
f1
−→ A2
f2
−→ A3
f3
−→ · · ·
fn−1
−−−→ An
fn
−→ ΣA1
be an n-angle where f1 is X -monic. Then there exists the following commutative
diagram
A1
f1
// A2
f2
//
a2

A3
f3
//
a3

· · ·
fn−2
// An−1
fn−1
//
an−1

An
an

fn
// ΣA1
A1
α1
// X1
α2
// X2
α3
// · · ·
αn−2
// Xn−2
αn−1
// TA1
αn
// ΣA1.
The n-T -sequence
A1
f1
−→ A2
f2
−→ A3
f3
−→ · · ·
fn−1
−−−→ An
an
−−→ TA1
is called a standard right n-angle in C/X . Denote by Θ the class of n-T -sequences
which are isomorphic to standard right n-angles. We can show that (C/X , T,Θ)
is a right n-angulated category. Since the proof is similar to [9, Theorem 3.8], we
omit it. 
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In particular, if n = 3, then we get the following well known result.
Corollary 3.9. Let C be a triangulated category and X a covariantly finite subcat-
egory. Then the quotient C/X is a right triangulated category.
The following corollary follows immediately from Theorem 3.8 and its dual.
Corollary 3.10. (cf. [9, Theorem 3.8]) Let C be an n-angulated category and X
a functorially finite subcategory of C. If (C, C) is an X -mutation pair, that is, for
any object A ∈ C or B ∈ C there exists an n-angle
A
α1
−→ X1
α2
−→ X2
α3
−→ · · ·
αn−2
−−−→ Xn−2
αn−1
−−−→ B
αn
−−→ ΣA
where Xi ∈ X , α1 is a left X -approximation and αn−1 is a right X -approximation.
Then the quotient C/X is an n-angulated category.
Before stating another corollary, we give some definitions. Let C be an n-
angulated category. An object I ∈ C is called injective if for any morphism
f : A → B and any morphism g : A → I, there exists a morphism h : B → I
such that g = hf . Denote by I the subcategory of injectives. We say C has enough
injectives if for any object A ∈ C, there exists an angle
A→ I1 → I2 → · · · → In−2 → B → ΣA
with Ii ∈ I. The notion of having enough projectives is defined dually. Denote by
P the subcategory of projectives. If C has enough injectives, enough projectives
and if injectives and projectives coincide, then we say C is Frobenius.
The following result is a higher analogue of [1, Theorem 7.2].
Corollary 3.11. Let C be an n-angulated category.
(a) If C has enough injectives, then the quotient C/I is a right n-angulated cat-
egory.
(b) If C has enough projectives, then the quotient C/P is a left n-angulated cat-
egory.
(c) If C is Frobenius, then the quotient C/I is an n-angulated category.
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